It is shown that a plane near triangulated graph is chordal if and only if it does not contain any induced wheel W n for n ≥ 5. A necessary and sufficient condition for a W 5 free plane near triangulation to be perfect is also derived.
Introduction
A plane embedding of a (planar) graph G is called a triangulation if the boundary of every face is a cycle of length three. A plane embedding of a simple maximal planar graph is a plane triangulation [1] . If the above definition is relaxed to permit the boundary of the outer face to be a cycle of length exceeding three, the embedding is called a plane near triangulation. A graph G is said to contain a chordless cycle if it has an induced cycle on four or more vertices. A graph that does not contain any chordless cycle is called a chordal graph [2] . G is said to be perfect if neither G nor its complement contain any chordless odd cycles.
Structural properties of maximal planar graphs and some of their subfamilies like Appollonian Networks have been investigated in the literature [3] [4] [5] [6] . Here we investigate structural characterizations for chordal and perfect plane near triangulations. The results hold true for plane triangulations as well.
In Section 3, we derive a simple characterization for chordal plane near triangulations that depends solely on the structure of the local neighbourhood of individual vertices. Though structural characterization for perfect plane triangulations has been investigated in [7] , to the best of our knowledge, no characterization that depends only on the local neighbourhoods of individual vertices is known. In Section 4 we investigate a relatively simple structural characterization for perfect plane near triangulations.
Though a local characterization for perfect plane triangulations (or plane near triangulations) is unlikely, plane near triangulations that do not contain any induced W 5 (See Definition 2.1) admits a local characterization. A proof for the characterization is given in Section 5.
The following section establishes some notation and definitions.
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Preliminaries
Let G = (V, E) be a simple undirected graph. A "drawing" of a graph maps each vertex u ∈ V to a point ε(u) in R 2 and each edge (u, v) ∈ E to a path with endpoints ε(u) and ε(v). The drawing is a plane embedding if the points are distinct, the paths are simple and do not cross each other and the incidences are limited to the endpoints [2] . The well known Jordan Curve Theorem states that if J is a simple closed curve in R 2 , then R 2 − J has two components (Int(J) and Ext(J)), with J as the boundary of each [8] . Given a plane triangulation G, Int(G) denotes the set of vertices in the interior of the closed curve defined by the boundary of the triangulation.
A cycle C n of order n ≥ 3 is a closed path of length n.
Definition 2.1 (Wheel).
A wheel on n (n ≥ 4) vertices, W n , is the graph obtained by adding a new vertex v to C n−1 and making it adjacent to all vertices in C n−1 . The cycle C n−1 is called the rim of the wheel and the added edges between v and vertices in C n−1 are called spokes of the wheel [2] .
A separator in a connected graph is a set of vertices, the removal of which disconnects the graph. A clique in a graph is a set of pairwise adjacent vertices. A clique separator is a separator which is a clique [9] .
Definition 2.2 (Separating triangle).
A clique separator with three vertices is called a separating triangle.
Definition 2.3 (W−near triangulation).
A plane near triangulation G which is not a K 4 is called a W−near triangulation if G contains neither:
1. a separating triangle, nor 2. a chord connecting any two vertices lying on the external face.
In particular, if G is a plane triangulation, then G is called W−triangulation. 
Chordal plane near triangulations
We first prove the following Lemma:
Proof. Let G be a W−near triangulation, u ∈ Int(G). As G is a plane near triangulation, it is easy to see that |N(u)| ≥ 3. Moreover as G is a W−near triangulation and G K 4 , |N(u)| 3 for otherwise vertices in N(u) will form a separating triangle. Hence let N(u) = {u 1 , u 2 , . . . u k−1 } for some k ≥ 5 and let G be the subgraph of G induced by N(u). To complete the proof it is enough to prove that G induces a cycle in G. We rule out the following three cases. 2
Case 1 : Suppose G is not connected and has components
Without loss of generality we may assume that G 1 contains vertices {u 1 , u 2 , . . . u i } and G 2 contains vertices {u i+1 , . . . u j } (1 ≤ i < j ≤ k − 1) in the clockwise order. Then as G is triangulated with u ∈ Int(G) and {(u, u i ), (u, u i+1 )} ⊆ E(G), it must be the case that (u i , u i+1 ) ∈ E(G), for otherwise u, u i and u i+1 will be part of a face of length exceeding three, contradicting the assumption that u i and u i+1 are in different components.
Case 2 : Suppose G is a path. With out loss of generality we may assume that the vertices in the path are u 1 , u 2 , . . . . u k−1 ordered from left to right. As {(u, u 1 ), (u, u k−1 )} ⊆ E(G) and u ∈ Int(G), it follows that G must have an internal face f containing the vertices u, u 1 and
Case 3 : Suppose G contains a vertex u i with degree at least three. Let x, y and z be any three neighbours of u i in G . Then one among the triplets (u, u i , x), (u, u i , y) and (u, u i , z) will be a separating triangle in G, a contradiction.
It follows therefore that G induces a cycle of length k − 1
The observation below follows directly from the definition of a separating triangle. The following theorem shows that chordal plane near triangulations are characterized by the closed neighbourhoods of internal vertices. Theorem 3.1. A plane near triangulated graph is not chordal iff it contains an induced wheel W k for some k ≥ 5.
Proof. Let G(V, E) be a near triangulated graph. If G contains an induced W k for some k ≥ 5 then the rim of W k is a chordless cycle and G is non chordal.
Conversely, suppose G is non chordal. We prove the theorem by induction. As the base case, if G is a W−near triangulation, then the claim follows from Lemma 3.1. Otherwise, G must contain either a separating triangle or a chord connecting two (non-adjacent) vertices on its external face. We consider the two cases separately.
• If G contains two non-adjacent vertices x and y on the external face such that (x, y) ∈ E(G) be a chord connecting them, then by Observation 3.2, (x, y) divides G into two components say G 1 and G 2 and either G 1 or G 2 (or both) non-chordal. By induction hypothesis, each non-chordal component(s) must contain an induced W k for some k ≥ 5. 3
• If = (u, v, w) is a separating triangle in G, then by Observation 3.1, (u, v, w) divides G into two components say G 1 and G 2 with either G 1 or G 2 (or both) non-chordal. By induction hypothesis, each non-chordal component(s) must contain an induced W k for some k ≥ 5.
The theorem follows by induction.
Corollary 3.2.
A plane triangulated graph is not chordal iff it contains an induced wheel W k for some k ≥ 5.
Perfect triangulations
Our next objective is to investigate the problem of providing a local characterization for triangulated perfect graphs similar in spirit to Theorem 3.1. It is easy to see that the complement of cycle C n for n ≥ 7 is not planar. Moreover, the complement of C 5 is isomorphic to C 5 . Thus, to prove that a plane triangulated graph G is perfect, it is enough to prove that G does not contain an induced odd hole.
Let G be a plane triangulated graph. If G contains an induced odd wheel then clearly G is not perfect. A plane triangulated graph that contains graph shown in Figure 1 as an induced subgraph is a counter-example for the converse. It contains three even wheels W x , W y and W z that share a common face (x, y, z) and vertices in the external face form an odd hole. However in the following we show that the question of 'deciding whether a plane near triangulated graph is perfect' can be transformed into the question of 'determining whether an Eulerian W− triangulation is perfect'. • It contains a non perfect induced Eulerian W−triangulation.
• It contains an induced odd wheel.
Proof
If G is not a W−triangulation, then G must contain either a chord or a separating triangle. We consider the two cases separately. The theorem follows by induction.
If
A simple local characterization for plane perfect triangulations seems unlikely. However, W 5 −free plane triangulations admit a simple local characterization, as shown in the next section.
W 5 −free perfect plane near triangulations
In this section, we prove that any non-perfect W 5 −free near triangulation G contains three vertices forming an internal face such that the open neighbourhood of these vertices induce an odd hole. We first establish some properties of W−triangulations (See Definition 2.3) that will be used for proving the characterization.
Lemma 5.1. Let a W−near triangulation G contain e edges, f internal faces and t edges on the external face, then f is odd if and only if t is odd.
Proof. Each internal face contains three edges and each edge except those in the external face is shared by two faces. This implies 3 f = 2e − t. Hence t is odd if and only if f is odd. Proof. Since W u and W v are face-intersecting and u v, u should be either on the rim of W v . Similarly v should lie on the rim of W u . Hence the edge (u, v) should be a spoke in both the wheels. As u is on the rim of W v , u will have exactly two neighbours (say x, y) on the rim of W v . Similarly v also have two neighbours (say p, q) on the rim of W u . If p x and p y then (u, p) will be a chord on the wheel W v , which is a contradiction to the definition of W−near triangulation. Similarly q = x or q = y. This implies that either p = x and q = y or p = y and 5 q = x. So x and y are the only vertices in N(u) ∩ N(v) and the edges (u, x) and (u, y) on the rim of W v are also spokes of W u and (v, x) and (v, y) on the rim of W u are also spokes of W v . That is, {(u, x), (x, v), (v, u)} and {(u, y), (y, v), (v, u)} are the only two faces shared by W u and W v .
Corollary 5.1. Three face-intersecting even wheels W x , W y and W z (with x y z) share exactly the common face {(x, y), (y, z), (x, z)}.
Proof. Since W x and W y are face-intersecting, by Lemma 5.2, they share two faces (faces which has the edge (x, y) as one of its boundary). Similarly W y and W z share two faces (faces which has the edge (y, z) as one of its boundary) and W x and W z share two faces (faces which has the edge (x, z) as one of its boundary). This implies that (x, y), (y, z) and (x, z) forms a face which is shared by W x , W y and W z . With no loss of generality we may assume that there exists two non consecutive vertices p and q on the rim of wheels W x and W y respectively such that (p, q) is a chord in G 2 . We may further assume without loss of generality that there does not exist any chord between any pair of vertices between p and q in G 1 .
Let q 1 , q 2 , . . . q r (where r ≥ 1) be vertices between p and q in G 1 (see Figure 2 ). As W x and W y are face intersecting,there must be at least one vertex (say q i , 1 ≤ i ≤ r) between p and q that lies on the rim of both the wheels W x and W y (see Figure 2) .
Let s be the neighbour of p on the rim of W x in the anti clockwise direction and t be the neighbour of q on the rim of W y in the clockwise direction (see Figure 2 ). Let G 3 be the subgraph of G 1 induced by the vertices p, q 1 , . . . , q i , . . . , q r , q and their neighbours except x, y, s and t. That is G 3 is the subgraph of G 1 induced by the vertices ( figure 3) . Let e, f , n e and n i be the number of edges, internal faces, external vertices and internal vertices in G 3 respectively. Let n = n e + n i be the total number of vertices in G 3 . Since G 3 is internally triangulated, by Lemma 5.1 we have,
Using Euler's formula [2] we get:
from (1) and (2) we get: e = 2n e + 3n i − 3
Let V i and V e be the set of internal and external vertices in G 3 respectively. As G 3 is an induced subgraph of G 1 and (p, q) a chord in G 1 , all vertices except p and q in V e are internal vertices of 6 Figure 2 and Figure 3) . Also every vertex in V e except q i must either be on the rim of W x or on the rim of W y , but not on both. That is, for all external vertices in G 3 except p, q and q i , all but one of their neighbours in G 1 must be in the graph G 3 . It follows that the degree of all vertices on the external face of G 3 except p, q and q i will be at least five. This is true because we have assumed that G 1 is a W 5 free even W−triangulation and hence has no internal vertex of degree below six.
The vertices p, q and q i have two neighbours on the cycle p, q 1 , . . . , q i , . . . , q r , q and as G 3 is plane near triangulated, they must have at least one neighbour in V i . So the degree of p, q and q i will be at least three in G 3 . Since every neighbour (in G 1 ) of vertices in V i is also present in G 3 , degree of all vertices in V i must be at least six in G 3 . Counting the degree of vertices, we get:
Substituting (3) we get, Proof. Let C be an induced odd hole in G. As G is a plane near triangulation, there must exist at least one vertex in Int(C). Let G = (V , E ) be the subgraph induced by the vertices in Int(C). If |V | = 1 then V ∪ V(C) will have to induce an odd wheel which is impossible as G is an even W− graph. Let V(C) = {u 1 , u 2 , . . . u k } for some k ≥ 5 and G be the subgraph of G induced by the vertices V ∪ V(C).
Proof. Suppose G is not connected. Let G 1 , G 2 , . . . , G l (l > 1) be the connected components of G . As G is a plane near triangulated graph, it is 3− connected [11] . Hence there exist atleast three paths (through vertices on C) between any two components of G . Moreover there exist atleast one vertex (say u i (1 ≤ i ≤ k) ) on C such that u i has neighbours on atleast two components of G (otherwise there will atleast one face in G which is not a triangle). Let the neighbours of u i in G be ordered as v 1 , v 2 , . . . v t (t > 1) in the clockwise direction. Then there exists atleast one j (1 ≤ j < t) such that v j ∈ G a and v j+1 ∈ G b (a b, 1 ≤ a ≤ l and 1 ≤ b ≤ l ). Hence G must have an internal face (say f ) containing the vertices v j , u i and v j+1 (see Figure  ?? ). But as (v j , v j+1 ) E(G ), f cannot be a triangle which is a contradiction.
The case |V | = 2 is also not possible as two face intersecting even wheels will not induce an odd hole (See Lemma 5.1). Thus we may assume that |V | ≥ 3. We have to consider the following cases. Figure 4b) . Hence ∀i ∈ {1, 2, . . . , r}, the wheels W(v i ) and its desecendants must be face intersecting even wheels (sharing two faces). Consequently, the total number of internal faces in G , f = r i=0 deg(v i ) − 2(r − 1). As the degree of every internal vertex in G is even, f must be even. Then by Lemma 5.1 number of external vertices should be even. That is, |V(C)| must be even. However, this contradicts the assumption that C is an odd hole.
• V induces a path say v 0 , v 1 , . . . , v r for some r ≥ 2 with the neighbours of every vertex v i , i ∈ {0, 1, . . . , r} inducing an even wheel, which we denote as W(v i ). Note that all the neighbours of v i (except v i−1 and v i+1 for 0 < i < r) must be in C, for otherwise, 8
Int(C) will contain a triangle. Moreover, since G is W 5 −free, v i must have even degree (greater than 4) for each i ∈ {0, 1, . . . , r}. Further, each edge incident on v i (0 ≤ i ≤ r) is shared by exactly two internal faces in G (See Figure 4c) . Hence ∀i ∈ {1, 2, . . . , r}, the wheels W(v i ) and W(v i−1 ) must be face intersecting even wheels. Consequently, the total number of internal faces in G , f = r i=0 deg(v i ) − 2(r − 1). As the degree of every internal vertex in G is even, f must be even. Then by Lemma 5.1 number of external vertices should be even. That is, |V(C)| must be even. However, this contradicts the assumption that C is an odd hole. Conversely, suppose G is not perfect. We prove the theorem by induction. For the base case let G is a W−near triangulation, then the claim follows from Lemma 5.3 and Lemma 5.4. If G is not a W−triangulation, then G must contain either a chord or a separating triangle. We consider the two cases separately.
1. If G contains a chord connecting two non-adjacent vertices x and y on the external face, then by the Observation 3.2, (x, y) divides G into two components say G 1 and G 2 with either G 1 or G 2 (or both) not perfect. By induction hypothesis, the non-perfect component(s) must satisfy the conditions of the theorem. 2. If G contains a separating triangle = (u, v, w), then by Observation 3.1, (u, v, w) divides G into two components say G 1 and G 2 with either G 1 or G 2 (or both) not perfect. By induction hypothesis, the non-perfect component(s) must satisfy the conditions of the theorem.
